Abstract. Let R be a d-dimensional standard graded ring over an Artinian local ring. Let M be the unique maximal homogeneous ideal of R. Let h i (R) n denote the length of the nth graded component of the local cohomology module H i M (R). Define the Eisenbud-Goto invariant EG(R) of R to be the number
Introduction
Let R = n=∞ n=0 R n be a d-dimensional standard graded ring over an Artinian local ring R 0 . Let M be the maximal homogeneous ideal of R. Let H i M (R) denote the i-th local cohomology module of R with respect to M. For a graded module M, we use [M] n or M n to denote the nth graded component of M. The a-invariant of R, introduced in [GW] , is defined as
The objective of this paper is to give a bound for the a-invariant of R in terms of lengths of graded components of local cohomology modules and use it to get bounds for reduction numbers of ideals. Let ℓ(M) denote length of a module M. We set ℓ [H q M (R)] 1−q = h q (R) 1−q for all q ≥ 0. To state our bound for the a-invariant we define the Eisenbud-Goto invariant EG(R) of R to be the number
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The main result of the paper is:
R n be a d-dimensional standard graded algebra over an artinian local ring R 0 with multiplicity e(R). Then
Eisenbud and Goto [EG] showed that if R 0 is a field then e(R) ≥ 1 + codim(R) − EG(R).
They showed that if equality holds in the above inequality then R/H 0 M (R) has linear resolution. To state our bounds for reduction numbers we recall some basic concepts about reductions of ideals. Let (R, m) be a local ring. Let J ⊂ I be ideals of R. The ideal J is called a reduction of I if there exists an n ∈ N such that JI n = I n+1 [NR] . Among the reductions of I, the smallest ones with respect to inclusion are called minimal reductions of I. If R/m is infinite then any minimal reduction of I is minimally generated by as many elements as the Krull dimension of the fiber cone F (I) := n=∞ n=0 I n /mI n . The reduction number, r J (I), of I with respect to a minimal reduction J is the least integer n for which JI n = I n+1 . When R/m is infinite, the reduction number of I is defined as the minimum of the reduction numbers r J (I) where J varies over all the minimal reductions of I. Let G(I) := ⊕ n≥0 I n /I n+1 be the associated graded ring of an ideal I. Let γ(I) denote the depth of the irrelevant ideal G + of G(I). If (R, m) is a Cohen-Macaulay local ring, I is an m-primary ideal and
. The Ratliff-Rush closure of an ideal I, I, is the stable value of the sequence of the ideals {I n+1 : I n }. We will obtain the following bounds for r(I) as an application of the main theorem:
Cohen-Macaulay local ring with infinite residue field. Let I be an m-primary ideal with γ(I) ≥ d − 1. Let J be any minimal reduction of I.
(
We will show by an example that our bounds for the a-invariant and reduction number are sharp.
A bound on the a-invariant of standard graded algebras
In this section we prove our bound on the a-invariant of a standard graded algebra R over an Artinian local ring R 0 .
Theorem 2.1. Let R = n=∞ n=0 R n be a d-dimensional standard graded algebra over an Artinian local ring R 0 . Then
Proof. We may assume without loss of generality that the residue field of R 0 is infinite. We prove the theorem by induction on d.
where m = a 0 (R). Thus
Let R be Cohen-Macaulay and pick a degree one nonzerodivisor x to see that
If R is Cohen-Macaulay , we are done by the above argument. So let depth(R) = 0.
Suppose d ≥ 2. Let x ∈ R 1 be a superficial element. We first prove that for a degree one superficial element in R,
EG(R/xR) ≤ EG(R).
Since x is superficial of degree one,
Hence from the short exact sequence
we get the long exact sequence
We now demonstrate that the bound in Theorem 2.1 is sharp. Here the overbar indicates the image in the first graded component of 
Hence we get the following long exact sequence of local cohomology modules with respect to the maximal homogeneous ideal m = (a, b, c, d) :
We now show that a(F (I)) = 0 and h 1 (F (I)) 0 = 1. Since
by using that fact that a(R/(f )) = a(R) + deg(f ) for a homogeneous regular element f of a graded algebra R, we conclude that a(R/J) = 0, a(R/(J + K)) = −1 and a(R/K) = 0. Thus a(F (I)) = 0. By [BH, Theorem 4.4 .3], we get
Substituting these values in (1) we observe that equality holds. Therefore (1) is sharp.
Bounds on reduction numbers
In this section we will use the bound on the a-invariant obtained in the previous section to provide bounds on reduction numbers. By [T] and [M] , we know that r(I) = a(G(I)) + d where (R, m) is a Cohen-Macaulay local ring of dimension d and γ(I) ≥ d − 1. We will consider the cases where d = 1, d = 2 and d ≥ 3 separately. In the next result we will need the formula:
Proposition 3.1. Let (R, m) be a one-dimensional Cohen-Macaulay local ring. Let I be an m-primary ideal. Then r(I) ≤ e(I) − ℓ(I/(I ∩ I 2 ) − 1 ≤ e(I).
Hence r(I) = a(G(I)) + 1 ≤ 1 + e(I) − ℓ(I/(I ∩ I 2 ). If ℓ(I/(I ∩ I 2 ) = 0 then I ⊆ I 2 . But I 2 = I n+2 : I n for large n. Hence I n+1 = I n+2 . This is a contradiction. Hence ℓ(I/(I ∩ I 2 )) ≥ 1. Thus we obtain the classical bound r(I) ≤ e(I). and I = (t 4 , t 5 , t 6 ). Let m denote the unique maximal ideal of R. Let G denote the associated graded ring G(I) of I. Then G is not Cohen-Macaulay since t 7 I ⊂ I 2 .
To find the associated Ratliff-Rush ideal of I notice that I 2 = m 2 . Since r(m) = 1, the associated graded ring G(m) is Cohen-Macaulay by [S] . Therefore all powers of m are Ratliff-Rush. Hence, I 2 = m 2 = m 2 = I 2 . Hence (I ∩ I 2 /I 2 ) = 0. Therefore r(I) ≤ 1 + e(I) − ℓ(I/I 2 ) = 2. It can be checked that r (t 4 ) (I) = 2. Therefore the bound in the above result is sharp.
Proposition 3.3. Let I be an m-primary ideal of a two dimensional Cohen-Macaulay local ring with γ(I) ≥ 1. Let X = Proj G(I). Then
Proof. Since γ(I) ≥ 1,
By the exact sequence
we get, by taking the 0th component of all the modules in the above exact sequence:
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